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Composite Quantum Systems
superposition of states is a possible state 
for qubits:

| i = c00 |00i+ c01 |01i+ c10 |10i+ c11 |11i
<latexit sha1_base64="y4Hz8ctoTViUnrg/j8xkYE4EjLI="></latexit>
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| i = c000 |000i+ c001 |001i+ c010 |010i+ c011 |011i
= c100 |100i+ c101 |101i+ c110 |110i+ c111 |111i

<latexit sha1_base64="H8taqV5irWgsnam0gzv5BAziV3k="></latexit>

3

| i = c0000 |0000i+ c0001 |0001i+ c0010 |0010i+ c0011 |0011i
= c0100 |0100i+ c0101 |0101i+ c0110 |0110i+ c0111 |0111i
= c1000 |1000i+ c1001 |1001i+ c1010 |1010i+ c1011 |1011i
= c1100 |1100i+ c1101 |1101i+ c1110 |1110i+ c1111 |1111i

<latexit sha1_base64="zdc//dzMHVdO3EOh0+wghXkr4C8="></latexit>

4



Composite Quantum Systems
entanglement is important
| i = (a0 |0i+ a1 |1i)⌦ (b0 |0i+ b1 |1i)

= a0b0 |00i+ a0b1 |01i+ a1b0 |10i+ a1b1 |11i
<latexit sha1_base64="Wje5mFr5dGyMZ/LTnGbPgFpkJGY="></latexit>

reduced density matrix of (maximally) entangled state

h0| |�i h�| |0i+ h1| |�i h�| |1i = 1

2
(|0i h0|+ |1i h1|)

<latexit sha1_base64="hOUkyGmdkyudTq5XzZNA3Pi9u38="></latexit>

no local information

could express exponential amount of number with much 
less numbers

| i = c00 |00i+ c01 |01i+ c10 |10i+ c11 |11i
<latexit sha1_base64="y4Hz8ctoTViUnrg/j8xkYE4EjLI="></latexit>



Quantum Algorithms
in this part assumed: 
• gates work perfectly 
• qubits stay in the same state if not acted upon 

infinite coherence times→

often initially 
Hadamards on all qubits

H
n |xi = 1

2n/2

X

y2{0,1}n

(�1)x·y |yi
<latexit sha1_base64="qEDB2OxVANd1wwFB/o/23euEqf8="></latexit>

x = x0, x1, . . . , xn
<latexit sha1_base64="JrWriryeyWAk7zyN2o15rOmxelU="></latexit>

superposition of all 
basis states

We thus have the following algorithm

1. apply Hadamard

2. prepare ancilla qubit in state |0〉− |1〉

3. apply U f

4. apply Hadamard

5. discard ancilla qubit

We can also present the algorithm as a quantum circuit (as opposed to thinking of beam splitters)

Quantum circuits We first introduce some graphic notation for quantum circuits.

• a horizontal line denotes the time-line of a qubit

• a box in a qubit line denotes a gate acting only on this qubit
→ for example the Hadamard gate is sketched as

| j〉 H 1√
2
(|0〉+(−1) j |1〉) (3.19)

• a box across two qubit lines denotes a gate acting on these two qubits

U
(3.20)

As an example, the action of the empty interferometer can as a circuit be sketched as

|0〉 H H |0〉

Quantum circuit for solution of Deutsch’s problem The circuit for solving Deutsch’s problem
can be sketched as,

|0〉 H
U f

H ✌✌✌

|1〉 H

(3.21)

where the action of U f is as described in equation (3.14).

The circuit or algorithm (3.21) is called Deutsch algorithm.

Importantly this only requires one evaluation of f .

It however evaluates f on a suitable superposition of the two possibilities and interferes these in a
suitable way.

Conclusion Quantum computer can solve Deutsch’s problem with just one query, which probes
both f (0) and f (1) at the same time.

We however don’t learn both, f (0) and f (1). We only learn a suitable global property using interfer-
ence.

Before we discuss more complex quantum algorithms, we will go through a few basics of quantum
circuits. We start by discussing classical circuits first.
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example:



Quantum Algorithms
in this part assumed: 
• gates work perfectly 
• qubits stay in the same state if not acted upon 

infinite coherence times→

We thus have the following algorithm

1. apply Hadamard

2. prepare ancilla qubit in state |0〉− |1〉

3. apply U f

4. apply Hadamard

5. discard ancilla qubit

We can also present the algorithm as a quantum circuit (as opposed to thinking of beam splitters)

Quantum circuits We first introduce some graphic notation for quantum circuits.

• a horizontal line denotes the time-line of a qubit

• a box in a qubit line denotes a gate acting only on this qubit
→ for example the Hadamard gate is sketched as

| j〉 H 1√
2
(|0〉+(−1) j |1〉) (3.19)

• a box across two qubit lines denotes a gate acting on these two qubits

U
(3.20)

As an example, the action of the empty interferometer can as a circuit be sketched as

|0〉 H H |0〉

Quantum circuit for solution of Deutsch’s problem The circuit for solving Deutsch’s problem
can be sketched as,

|0〉 H
U f

H ✌✌✌

|1〉 H

(3.21)

where the action of U f is as described in equation (3.14).

The circuit or algorithm (3.21) is called Deutsch algorithm.

Importantly this only requires one evaluation of f .

It however evaluates f on a suitable superposition of the two possibilities and interferes these in a
suitable way.

Conclusion Quantum computer can solve Deutsch’s problem with just one query, which probes
both f (0) and f (1) at the same time.

We however don’t learn both, f (0) and f (1). We only learn a suitable global property using interfer-
ence.

Before we discuss more complex quantum algorithms, we will go through a few basics of quantum
circuits. We start by discussing classical circuits first.
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make sure no correlations 
between qubits before readout

example:

h0| |�i h�| |0i+ h1| |�i h�| |1i = 1

2
(|0i h0|+ |1i h1|)

<latexit sha1_base64="hOUkyGmdkyudTq5XzZNA3Pi9u38="></latexit>

measurement (readout) produces random result

for maximally entangled state:



Quantum Algorithms

quantum evolution unitary  algorithms reversible→

| f i = U | ii
<latexit sha1_base64="sGx08Pu0+OZ+ohIoVy0Nv1z0ec4="></latexit>

 decompose  into single- and two-qubit gates→ U

 is the only stuff that can be implemented→

 entangling two-qubit gates are important, e.g. CNOT→

(↵ |0i+ � |1i)⌦ |0i ! ↵ |00i+ � |11i
<latexit sha1_base64="Cg/WrF2La7ftHqzFZQQHeOCq9xc="></latexit>

arbitrary single-qubit gates plus CNOT is universal 
 can do any computation→



Deutsch’s and Simon’s Problems

We thus have the following algorithm

1. apply Hadamard

2. prepare ancilla qubit in state |0〉− |1〉

3. apply U f

4. apply Hadamard

5. discard ancilla qubit

We can also present the algorithm as a quantum circuit (as opposed to thinking of beam splitters)

Quantum circuits We first introduce some graphic notation for quantum circuits.

• a horizontal line denotes the time-line of a qubit

• a box in a qubit line denotes a gate acting only on this qubit
→ for example the Hadamard gate is sketched as

| j〉 H 1√
2
(|0〉+(−1) j |1〉) (3.19)

• a box across two qubit lines denotes a gate acting on these two qubits

U
(3.20)

As an example, the action of the empty interferometer can as a circuit be sketched as

|0〉 H H |0〉

Quantum circuit for solution of Deutsch’s problem The circuit for solving Deutsch’s problem
can be sketched as,

|0〉 H
U f

H ✌✌✌

|1〉 H

(3.21)

where the action of U f is as described in equation (3.14).

The circuit or algorithm (3.21) is called Deutsch algorithm.

Importantly this only requires one evaluation of f .

It however evaluates f on a suitable superposition of the two possibilities and interferes these in a
suitable way.

Conclusion Quantum computer can solve Deutsch’s problem with just one query, which probes
both f (0) and f (1) at the same time.

We however don’t learn both, f (0) and f (1). We only learn a suitable global property using interfer-
ence.

Before we discuss more complex quantum algorithms, we will go through a few basics of quantum
circuits. We start by discussing classical circuits first.
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Deutsch:  ?f(0) = f(1)
Uf | ji |ki= | ji | f ( j)� ki

<latexit sha1_base64="GFngkNjcqoT0VevzYErR5x6LEkA="></latexit>

class.: 2 queries 
quantum: 1 query

Simon: find period  of function (  for )s f(x) = f(y) y = x ⊕ s
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Uf | ji |ki= | ji | f ( j)� ki
<latexit sha1_base64="GFngkNjcqoT0VevzYErR5x6LEkA="></latexit>

class.:  queries 
quantum:  queries

2n/2

Ω(n)



Quantum Teleportation
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transfer does not 
happen before 

classical 
information is 
transmitted!



Classical vs Quantum
any classical algorithm can be implemented 
on a quantum computer

After the Hadamards, we have the state |+〉 |−〉 |0〉, where |±〉= (|0〉±|1〉)/
√

2.

Applying U f yields

U f |+〉 |−〉 |0〉= 1√
2
(−1) f (0) |0〉 |−〉 | j(0)〉+ 1√

2
(−1) f (1) |1〉 |−〉 | j(1)〉 (3.51)

As the 2nd qubit is always in |−〉 we drop it. Applying the second Hadamard then yields

1√
2
|0〉

3
(−1) f (0) | j(0)〉+(−1) f (1) | j(1)〉

4
+

1√
2
|1〉

3
(−1) f (0) | j(0)〉− (−1) f (1) | j(1)〉

4
(3.52)

If | j(0)〉= | j(1)〉, we can drop the junk states and this reduces to the original Deutsch circuit

1√
2
|0〉

3
(−1) f (0)+(−1) f (1)

4
+

1√
2
|1〉

3
(−1) f (0)− (−1) f (1)

4
(3.53)

so that we measure 0 if f (0) = f (1) and 1 if f (0) ∕= f (1).

If however 〈 j(0)| j(1)〉 = 0 and we measure the first qubit, both outcomes have probability 1/2,
independently of f !

⇒ measuring qubit 1 doesn’t provide any information as the outcome is completely random.

⇒ Need to make sure that final state of additional qubits is independent of input!

Avoiding junk output The following strategy avoids additional outputs that depend on the input.

|x1〉

R f

•

R−1
f

|x1〉
... • ...

|xn〉 • |xn〉
|0〉 |0〉

...
...

|0〉 |0〉
|y1〉 |y1 ⊕ f (x1)〉

...
...

|yn〉 |yn ⊕ f (xn)〉

Here, applying R−1
f brings the qubits, that do not contribute to the output, back into their input state.

⇒ Sensibility to ”junk” output is avoided.

⇒ There is an efficient and feasible strategy to compute classical circuits on quantum computers.

1. make circuit reversible by using Toffoli gates

2. avoid ”junk” output by copying output to ancillas and reversing the circuit on the input qubits
afterwards.

30

extra qubits 
reversible, 

replace AND 
with Tofoli

→

undo correlations

copy results to extra qubits



Classical vs Quantum
simulating a quantum computer requires 
exponential resources

| i =
1X

j1,j2,...jn=0

↵j1,j2,...jn |j1, j2, . . . jni =
X

~j

↵~j |~ji

d

dt
↵~j =

X

~l

H~j;~l ↵~l

<latexit sha1_base64="t+75/v3InSQOErQh+oITl3fBbDI="></latexit>

Schrödinger

exponential 
amount of RAM

h~jf |U |~jii = h~jf |ULUL�1 . . . U2U1 |~jii

=
X

~jL�1

X

~jL�2

· · ·
X

~j1

h~jf |UL |~jL�1i h~jL�1|UL�1 |~jL�2i . . . h~j1|U1 |~jii
<latexit sha1_base64="JycscraYy3FrplqED3bPx+yJDWg="></latexit>

Feynman

exponential amount of time



Quantum Fourier Transform 

|ỹi= 1p
N

N�1

Â
x=0

wxy |xi
<latexit sha1_base64="FHIFPb2rbBlvVvZhXTup0WdxRH4="></latexit>

|xi= |xn�1,xn�2, . . . ,x0i
<latexit sha1_base64="+1SthxTH6igV9PogONXGYm567qI="></latexit>

x = xn�12n�1 + xn�22n�2 + · · ·+ x12+ x0
<latexit sha1_base64="ffnOJ0EQ9o/SZM2ckl5+eOeDe0k="></latexit>

w =e2pi/N

wN =1
<latexit sha1_base64="7y5wKIkm2ISWFFCSTPCLTyIxDg0="></latexit>

N�1

Â
j=0

w j = 0
<latexit sha1_base64="ign9a/tIJoOERWtLwPmA+e4sYf4="></latexit>

FTN =

|yn�1i

FTN/2

Rn |x0i

|yn�2i Rn�1 |x1i
... . . . ...
... . . . ...

|y1i R2 |xn�2i

|y0i • • • H |xn�1i
<latexit sha1_base64="8f2es11teLVU1/PyNV7s47kfHTc="></latexit>

R j = |0 jih0 j|+ e2pi2� j |1 jih1 j|
<latexit sha1_base64="3OvyMipCN/WOW8C1c3CNHzoNAUM="></latexit>



Quantum Fourier Transform

n=2:
H R2

• H
<latexit sha1_base64="pizRnKB11JLQrod3Gs3o9em+424="></latexit>

H R2 R3

• H R2

• • H
<latexit sha1_base64="c1Rw009eVpStMC/4OvY8L8ZBp8w="></latexit>

n=3:



Quantum Phase Estimation
U |uni= eiqn |uni

<latexit sha1_base64="/ZtBCole5I0ixzVDabnZNaHzwdk="></latexit>
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→
y = Nθν/(2π)

FT †
N

1
2n/2

N�1

Â
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eiqn x |xi= Â
y

✓
1
N Â

x
exp


2pi
N

✓
Nqn
2p

� y
◆

x
�◆

|yi
<latexit sha1_base64="Mn7GAtWxQ8S8uyPZMLsoMYDuATs="></latexit>

|xi= |xn�1,xn�2, . . . ,x0i
<latexit sha1_base64="+1SthxTH6igV9PogONXGYm567qI="></latexit>

x = xn�12n�1 + xn�22n�2 + · · ·+ x12+ x0
<latexit sha1_base64="ffnOJ0EQ9o/SZM2ckl5+eOeDe0k="></latexit>



Shor’s Algorithm

quantum step: period finding

find period of           ( )f(x) = ax mod N a > 1, x > 0

U |xi |bmodNi= |xi |bamodNi
<latexit sha1_base64="3Bl9K2yBfeDUKS3P9yILv383wPA="></latexit>

Ux |xi |bmodNi= |xi |bax modNi
<latexit sha1_base64="+zofOdB/ocz3hpcckMNzPNowezQ="></latexit>

controlled multiplication 
as in phase estimation

U |uni= eiqn |uni
<latexit sha1_base64="/ZtBCole5I0ixzVDabnZNaHzwdk="></latexit>

 apply phase estimation to → U

can prepare : superposition of all eigenstates of |1⟩ = |a0⟩ U

multiple phase estimation measurements  period of   → f(x)



HHL Algorithm

solve:        A |x⟩ = |b⟩ → |x⟩ ∝ A−1 |b⟩

strategy: phase estimation for    U = exp(2πiκA/N)

apply controlled rotation of form:

|yi |0i ! |yi
 r

1� y2

2
|0i+ 1

y
|1i
!

<latexit sha1_base64="y3xTp2Zx/qc7YUk9Wq/5RQd8X5c="></latexit>

eigenstate of U
measure and keep outcome 1

 applied , where → 1/λa A |a⟩ = λa |a⟩



Error Correction

many physical qubits form a logical qubit 
logical states  entangled states of many physical qubits 

 stabilizers
→

→
Pk | jiL = | jiL

<latexit sha1_base64="x18nIT3IWkQ1KpUOBLknekq76fQ="></latexit>

Pk = X ⌦X ⌦Y ⌦Z ⌦1⌦ . . .
<latexit sha1_base64="GUnUtiF/cKkpA+qLlDaznLXGoLw="></latexit>

measuring stabilizers 
detects errors  
but does not change 
logical states

O1

O2
... . . .

On

|0i H • • • H
<latexit sha1_base64="JZrSYNZMyGQmSYyusDR47U5CnlM="></latexit>

gates will never be perfect  actively correct for errors→



Error Correction: Toric Code

Topological Codes and Computation - Dan Browne

Z ZZ Z Z

X

Z

Z

Z

Z

Z

X

X

X

X

X

X1Z1

X X X X

X2Z2

Figure 2.8: Encoded logical operators Z̄1, X̄1, Z̄2 and X̄2 for the two encoded
qubits in the toric code.

each other. These form the logical operators Z̄2 and X̄2. The four operators
are illustrated in figure 2.8.

2.1.10 Equivalence of logical operators under stabilizer multiplication

As we saw in part 1, encoded logical operators are not unique, and one can
generate an equivalence class of operators which act identically on the code
space, by multiplying a logical operator with elements of the stabilizer.
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logical 
operators

2.1. Defining the code

Z Z
Z

Z

X

X
X X

Figure 2.3: Examples of a plaquette and a vertex operator. In each case
the respective vertex and plaquette is shaded, and the non-identity factors
of each operator is marked on the qubits on which they act. The set of
these operators for all (but one) plaquettes and vertices on the lattice are the
stabilizer generators for the toric code. The dashed line indicated the dual
lattice (see below).

2.1.3 Plaquette operators

For every plaquette, we define a plaquette operator, consisting of a tensor
product of Pauli Z operators acting on the 4 qubits which lie on the boundary
of the plaquette (see figure 2.3), with identity operators acting on all other
qubits. On an L ⇥ L grid there are L2 plaquettes.

2.1.4 Vertex operators

For every vertex, we define a vertex operator, consisting of a tensor product
of Pauli X operators acting on the 4 qubits adjacent to a vertex (see figure
2.3), with identity operators acting on all other qubits. On an L ⇥ L grid
there are L2 vertices.

NB A useful mnemonic to help you remember that the vertex operators
consist of X Pauli’s is that vertex contains the letter x.

25

stabilizer 
generators

4 logical states 
2 logical qubits



Error Correction: Surface Code
real hardware 

 no periodic  
     boundary 
     condition

→

SURFACE CODES: TOWARDS PRACTICAL LARGE-SCALE . . . PHYSICAL REVIEW A 86, 032324 (2012)
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FIG. 1. (Color online) (a) A two-dimensional array implementa-
tion of the surface code. Data qubits are open circles (◦), measurement
qubits are solid circles (•), with measure-Z qubits colored green
(dark) and measure-X qubits colored orange (light). Away from
the boundaries, each data qubit contacts four measure qubits, and
each measure qubit contacts four data qubits; the measure qubits
perform four-terminal measurements. On the boundaries, the measure
qubits contact only three data qubits and perform three-terminal
measurements, and the data qubits contact either two or three measure
qubits. The solid line surrounding the array indicates the array
boundary. (b) Geometric sequence of operations (left), and quantum
circuit (right) for one surface code cycle for a measure-Z qubit,
which stabilizes ẐaẐbẐcẐd . (c) Geometry and quantum circuit for
a measure-X qubit, which stabilizes X̂aX̂bX̂cX̂d . The two identity Î

operators for the measure-Z process, which are performed by simply
waiting, ensure that the timing on the measure-X qubit matches that
of the measure-Z qubit, the former undergoing two Hadamard Ĥ

operations. The identity operators come at the beginning and end of
the sequence, reducing the impact of any errors during these steps.

IV. QUIESCENT STATE OF THE SURFACE CODE

The measure-Z and measure-X qubits that stabilize the
surface code are operated in a very particular sequence,
with one complete cycle shown in Figs. 1(b) and 1(c),
for a single measure-Z and measure-X qubit, respectively.
After initializing each measure qubit in its ground state |g〉,
the heart of the sequence comprises four CNOT operations
followed by a projective measurement. For the measure-Z
qubit, the CNOTs target the measure qubit with the four
nearest-neighbor data qubits as the controls, with the
projective measurement yielding an eigenstate of ẐaẐbẐcẐd

(see Appendix B, as well as [38]; eigenstates are listed
in Table III). For the measure-X qubit, the four CNOTs

TABLE III. Eigenstates for the four-qubit stabilizers ẐaẐbẐcẐd

and X̂aX̂bX̂cX̂d .

Eigenvalue ẐaẐbẐcẐd X̂aX̂bX̂cX̂d

+1 |gggg〉 | + + + +〉
|ggee〉 | + + − −〉
|geeg〉 | + − − +〉
|eegg〉 | − − + +〉
|egge〉 | − + + −〉
|gege〉 | + − + −〉
|egeg〉 | − + − +〉
|eeee〉 | − − − −〉

−1 |ggge〉 | + + + −〉
|ggeg〉 | + + − +〉
|gegg〉 | + − + +〉
|eggg〉 | − + + +〉
|geee〉 | + − − −〉
|egee〉 | − + − −〉
|eege〉 | − − + −〉
|eeeg〉 | − − − +〉

target the nearest-neighbor data qubits using the measure
qubit as the control, and the sequence also includes a
Hadamard applied to the measure qubit before and after
the CNOTs; the projective measurement yields an eigenstate
of X̂aX̂bX̂cX̂d . Hence, after the projective measurement of
all the measure qubits in the array, the state |ψ〉 of all the
data qubits simultaneously satisfies ẐaẐbẐcẐd |ψ〉 =
Zabcd |ψ〉, with eigenvalues Zabcd = ±1, and
X̂aX̂bX̂cX̂d |ψ〉 = Xabcd |ψ〉 with eigenvalues Xabcd = ±1.
Following measurement, the cycle is repeated.7 The measure
qubits in Figs. 1(b) and 1(c) all operate in lockstep, so that
every step in the cycle shown in the figure is completed over
the entire two-dimensional (2D) array before the next step
begins. We note that the zig-zag sequence abcd followed by
each of the measure qubits is quite particular and cannot be
easily modified while preserving the stabilizer property (see
Appendix B).

Stabilizer codes have the remarkable property that they do
not operate from the system ground state, but instead from the
state |ψ〉 that results from the concurrent measurement of all
the stabilizers; we call this the quiescent state. The quiescent
state |ψ〉 is randomly selected by completing one full surface
code cycle, which is the sequence shown in Figs. 1(b) and 1(c),
starting, for example, with all data and measurement qubits in
their ground states |g〉.

7A capital italic letter with a “hat,” for example, X̂, designates
an operator, while a capital italic letter by itself, X, represents
the outcome of a measurement of that operator, which must be
an eigenvalue of the operator. A stabilizer X̂aX̂bX̂cX̂d is the outer
product of four physical qubit X̂j operators, so would be represented
by a 24 × 24 = 16 × 16 matrix; its measurement outcome Xabcd is
an eigenvalue of this matrix. Note measuring the product X̂aX̂bX̂cX̂d

does not yield the same result as measuring each individual X̂a , X̂b,
X̂c, and X̂d , as the qubits are, in general, not in a product eigenstate
of the individual X̂j operators, so measuring the individual X̂j would
cause undesirable projections.
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errors can also occur 
during error detection 
and correction  

 need  → perror < 1 %

 need 1000 physical 
qubits per logical qubit
→



Variational Algorithms

find ground state of a Hamiltonian H
• condensed matter physics 
• ground or low energy state                            

 stable configuration                                  
 quantum chemistry  

• can be applied to combinatorial optimization 
 QAOA

→
→

→
|y(~q)i=Um(qm)Um�1(qm�1) . . .U1(q1) |0,0, . . . ,0i

<latexit sha1_base64="U4qM0SSI2uhxr4usGtSu09B2JCA="></latexit>

E(~q) = hy(~q)|H|y(~q)i
<latexit sha1_base64="6oucsMJS0brCFzz6Nwqqq9wQdwY="></latexit>

 minimize→

 are variational parametersθ1, θ2, …, θm

will not have error correction soon  what can we do now?→



Variational Algorithms

...
<latexit sha1_base64="JPlvbbUk8iTV8H1zfzAyuBscgvk="></latexit>

measure

feedback loop
hHi = 1

Nm

X

x

E(x)
<latexit sha1_base64="16G40pcqoP3oQe2SuS42VrBT+wk="></latexit>

sampled noisy quantity

|0i
|0i
|0i
|0i
|0i
...

<latexit sha1_base64="+bnZdQzQIMLqEkro3DQx72H8b5M="></latexit>

Um(�m) . . . U2(�2)U1(�1)| 0i
<latexit sha1_base64="GKx2asVfGo8EUEusxkYb8Tc9zPA="></latexit>

quantum-classical hybrid



Quantum Approximate Optimization
combinatorial optimization problem: 
find bit-string  such that  is minimized z = z1z2…zn C(z)
sum of clauses:  
all clauses true, ,  minimum of  

C(z) = − C1(z) − C2(z) − C3(z) − …
Cj(z) = 1 → C(z)

C(z) = 3z1z2 − z2z3 + z4
example

C(Z) = 3Z1Z2 − Z2Z3 + Z4

make 
quantum

 Hamiltonian  variational algorithm→ →



Quantum Approximate Optimization

search  such that | ⃗z⟩ = |z1, z2, …, zn⟩ C(Z) | ⃗z⟩ = E0 | ⃗z⟩

|y(~g,~b )i=UB(bp)UC(gp)UB(bp�1)UC(gp�1) . . .UB(b1)UC(g1) |si
<latexit sha1_base64="JDR85Qr0CYTwRxJFEcyafb3v+Xk="></latexit>

UC(g) = e
�igC(Z)

UB(b ) = e
�ib Â j X j

|si= H
⌦n |0,0, . . . ,0i= 1p

2n
Â
z

|zi
<latexit sha1_base64="uyHoGfVMJcfLUstM5l3CIGjxp3U="></latexit>

ansatz:

variational algorithm 
 

        
→ γ1, γ2, …, γp

β1, β2, …, βp



Quantum Approximate Optimization

search  such that | ⃗z⟩ = |z1, z2, …, zn⟩ C(Z) | ⃗z⟩ = E0 | ⃗z⟩
we know that solution is a product state

variational algorithm  →

|y(~g,~b )i=
1

Â
z1,z2,...zn=0

az1,z2,...zn |z1,z2, . . .zni
<latexit sha1_base64="NMuh5WRG8Pa+Okin1XrYBOiPKck="></latexit>

will measure  with probability  z1, z2, …, zn |αz1,z2,…zn
|2

for each measured  can compute  z1, z2, …, zn C(z)

can find solution as long as it contributes to |ψ( ⃗γ, ⃗β )⟩



Cirq



Thanks! 

And all the best for 
the exam!


