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Composite Quantum Systems

superposition of states is a possible state
for qubits:

2 |Y) = coo|00) + co1 [01) 4 ¢10 |10) + c11 |11)

3 |¢> — €000 OOO> + Co01 001> -+ Co10 010> -+ Co11 Oll>
— C100 100> -+ C101 101> —+ C110 110> -+ C111 111>

4 1) = co000 [0000) + cooor [0001) + o010 [0010) + coo11 [0011)
— 0100 [0100) + co101 [0101) + co110 [0110) + cor1y [0111)
= 1000 |1000) 4+ c1001 |1001) + ¢1010 |1010) + 1011 |1011)
= 1100 |1100) 4+ c1101 |1101) + ¢1110 |1110) + ¢1111 |1111)




Composite Quantum Systems

entanglement is important

) = (a0 [0) + a1 (1)) ® (bo |0) + b1 |1))
— aobo ‘OO> -+ Clobl ‘01> + Cblbo |10> -+ a1b1 |11>

1)) = coo |00) + co1 |01) + c10 |10) + c11 |11)

could express exponential amount of number with much
less numbers

reduced density matrix of (maximally) entangled state

O] |9) (] [0) + (1] |®) (¢ [1) = %(|O> (O] + 1) (1)

no local information



Quantum Algorithms

in this part assumed:
» gates work perfectly
 qubits stay in the same state if not acted upon

—infinite coherence times

example: 0) —H U H A
1) —H —
often initially

Hadamards on all qubits

H'[2)= s > (=)™ y)
yc{0,1}"
T =T, L1,+--,LTp

superposition of all
basis states



Quantum Algorithms

in this part assumed:
» gates work perfectly
 qubits stay in the same state if not acted upon

—infinite coherence times

0) —
example: 0) —H U H A

1) —H —

make sure no correlations
between qubits before readout

for maximally entangled state: |
O] 162 {21 10) + (1] |9} {¢] [1) = 5 (|0) (0] + |1) {1])

measurement (readout) produces random result



Quantum Algorithms

guantum evolution unitary — algorithms reversible
py) =U V)

— decompose U into single- and two-qubit gates

— Is the only stuff that can be implemented

— entangling two-qubit gates are important, e.g. CNOT

(@0) +6]1)) ®10) = «]00) + F[11)

arbitrary single-qubit gates plus CNOT is universal
— can do any computation



Deutsch’'s and Simon’s Problems

Deutsch: f(0) = f(1) ?

0)

H

Urlj) k) = 17) | f(J) @ k)
H A

1) —

H

Uy class.: 2 queries
— quantum: 1 query

Simon: find period s of function ( f(x) = f(y) fory = x @ )

I @ /V\ ‘ _}QW\

> —

A
v\\a Us 1) [K) = 1) |£(j) &)

class.: 27 queries
¢, ¢t tg quantum: $(n) queries



Quantum Teleportation

state transfer circuit
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transfer does not
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74‘///

B2

happen before
classical
iInformation is
transmitted!



Classical vs Quantum

any classical algorithm can be implemented
on a quantum computer

undo correlations

x1) — * — Jox1)
extra qubits Xn) — Ry ! R;l — 1)
—reversible, 0) — — 10)
replace AND D B
with Tofoli 100 — - 10)
y1) D y1 @ f(x1))
) & [ ® £ (o)

copy results to extra qubits



Classical vs Quantum

simulating a quantum computer requires
exponential resources

Schrodinger 1
VY= Y Oy e [T G2e ) = Yz [5)
31,250+ Jn=0 7
d exponential
— (7 = H—.»—*C{—* p
dt ; gib amount of RAM
Feynman

gf\ U |js) = <;f‘ UrUr_1...UsUy |7;)
_Z Z Z Jf‘UL ‘]L 1 <,7L 1\UL 1‘,7L 2> <51\U1 \;ﬁ

Jr-1jL-: exponential amount of time



Quantum Fourier Transform

FTy

Q)

Q)

)’n—2> ]

y1) —

FTy )

N _q

:eZEl/N

X()>

Ry,

X1>

X —2)

y0)

— [xa—1)




Quantum Fourier Transform

n=2:
_H R2
‘T
n=3: — HHR R3
l H R,




Quantum Phase Estimation
Uluy) = e'% |uy) find 0,

X) = |Xp—1,Xn-2,---,%0)  x=2x, 12" T 4+x, 22" 2+ 4+ x12+ X0

} o _
1 2ni ( NO
FIy zn/z Z e [x) Z (N ;eXp N ( T y> " ) V)

prepare via '\
Kny 0> —H — (i) strongly peaked at
o y = N6 |(2r)
f 1M . :i — will measure
% O y = N6./(2n)
™ 18,x

lup ——— U] ux |- [U] e lu>




Shor’s Algorithm

quantum step: period finding

find period of

U
Ux

— apply phase estimation to U

X)
X)

bmodN) =
bmodN) =

fxX)=a*modN (a>1,x>0)

X)
X)

bamodN)  controlled multiplication
ba* modN) as in phase estimation

Uluy) = '™ |uy)

can prepare | 1) = | a®): superposition of all eigenstates of U

multiple phase estimation measurements — period of f(x)



HHL Algorithm

solve: Alx)=|b) — [x)xA7|b)

strategy: phase estimation for U = exp(2zikA/N)

apply controlled rotation of form:

Rl (\/1—y§o>+§1>>

eigenstate of U V

measure and keep outcome 1

— applied 1/4,, where A|a) = 4 | a)



Error Correction

gates will never be perfect — actively correct for errors

many physical qubits form a logical qubit
logical states — entangled states of many physical qubits
— stabilizers

Py ), = ;) Pr=X®XQYRZR1®...

7

measuring stablilizers

detects errors 0y
but does not change
logical states

>

0) —[H}—+—




Error Correction: Toric Code

.........

logical
operators

generators

stabilizer
2 logical qubits OO0

4 logical states



Error Correction: Surface Code
.

real hardware

— No periodic
boundary
condition

errors can also occur
during error detection
and correction

—need p,.. < 1%

— need 1000 physical
qubits per logical qubit
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Variational Algorithms

will not have error correction soon — what can we do now?
find ground state of a Hamiltonian H

» condensed matter physics
* ground or low energy state

— stable configuration

— quantum chemistry
* can be applied to combinatorial optimization
— QAOA

W (0)) = Up(6p)Un1(6m_1) ... U1(61)]0,0,....,0)

0,,0,, ...,0, are variational parameters

— minimize E(6) = (y(6)|H|y(6))



Variational Algorithms

o O

-

- -
. T TN TN TN S

feedback loop

(H) = 5 Y EG)

quantum-classical hybrid sampled noisy quantity



Quantum Approximate Optimization

combinatorial optimization problem:
find bit-string z = 7,2,...z, such that C(z) is minimized

sum of clauses: C(z) = — C(z) — Cy(2) — C5(2) — ...
all clauses true, C;(z) = 1, — minimum of C(z)

example
C(z) = 32122 — 3+ 2y

make
quantum

v

— Hamiltonian — variational algorithm



Quantum Approximate Optimization

search |Z) = |z, 2, ...,2,) such that C(Z)|Z) = E,| Z)

1 Z|Z variational algorithm
V2" 4 = YVl

ﬁl?ﬂb "'nﬁp




Quantum Approximate Optimization

search |Z) = |z, 2, ...,2,) such that C(Z)|Z) = E,| Z)

we know that solution is a product state

variational algorithm —

1
‘w(?aﬁ» — Z aZ],ZQ,...Zn |217Z27°°-Zn>

<] 7Z27°"Zn20

. . . >
will measure z;, 2, ..., 2, with probability [a, , |

for each measured 7y, 2, ..., 2, can compute C(z)

can find solution as long as it contributes to |y(y, £))



Cirg

ircul




FRIEDRICH-ALEXANDER

Thanks!

And all the best for
the exam!



